o 



X 



The Inhomogeneous Invariance Quantum 
Supergroup of Supersymmetry Algebra 



oo 

O 
o 

<N ■ Azmi Ali Altmtas*, Metin Arik ^ 

> 

O 

h^ ' Physics Department, Bogazigi University, 34342 Bebek, Istanbul, Turkey 

^ ■ November 15, 2008 



^ , Pacs: 02.20.Uw, ll.30.Pb 

(-H ' Keywords: Quantum Supergroups, Unital Superalgebra 

CN ■ Abstract 

> 

oo 
(N 

f^ • variant a supersymmetric particle algebra. The quantum sub-supergroups 



We consider an inhomogeneous quantum supergroup which leaves in- 



of this inhomogeneous quantum supergroup are investigated. 

1 Introduction 

Symmetry transformations based on Lie groups and Lie algebras are most known 
in all areas of physics. Symmetry transformations are algebraic objects and 
they contain Lie groups and Lie algebras as special cases. Theory of quantum 
integrable systems has initiated a new type of symmetry and mathematical 
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objects called quantum groups. The quantum groups are related to usual Lie 
groups as quantum mechanics is related to its classical limit pp. 

Since the method of derivation of a quantum group from a group is to make 
deformations on it, almost all examples of quantum groups considered in physics 
have been deformations of ordinary groups depending on one or more parame- 
ters. However, one can build up a matrix whose elements satisfy Hopf algebra 
axioms just as the quantum groups which are derived from ordinary groups. [2] 
In this paper we use the term "invariance quantum supergroup" to describe a 
Hopf superalgebra such that a supersymmetry algebra forms a right module of 
the Hopf superalgebra. 

An ordinary Lie algebra is defined over the field of complex numbers C, how- 
ever if an algebra is defined over a vector space which has bosonic and fermionic 
elements, the algebra is called a superalgebra 3J . An algebraic object which 
generalizes Lie superalgebras and their supergroups, is called a quantum super- 
group, more commonly Hopf superalgebra. Two algebras in a braided category 
have a natural braided tensor product structure[l]. Thus, in a superalgebra 
coproduct is defined via a braided tensor product. 

The Standard Model does not explain some aspects of cosmology, concerning 
the large scale universe. For example, the Standard Model can not explain the 
dark matter. However, supersymmetry suggests explanations. The basic idea 
of supersymmetry is that the equations which represent basic laws of nature 
do not change if certain particles in the equations are interchanged with one 
another^. These equations have a supersymmetry because they contain both 
fermionic and bosonic elements. These are called SUSY algebras. The simplest 
SUSY algebra contains n bosons and n fermions and these commute among each 



other. This algebra is caUed the associative unital super algebra. 

Since the associative unital superalgebra contains bosonic and fermionic cre- 
ation and annihilation operators one can build up a noncommutative (NC) QFT. 
It is well known that QFT on 4- dimensional NC space-time is invariant under 
the S0{1,1)XS0{2) subgroup of the Lorentz group. [B] However representa- 
tion of this group is different from the representation of Lorentz group. Using 
the notion of twisted Poincare symmetry one can show that the interpretation 
of NC coordinates is extended from Lie algebra framework to Hopf algebras. 
A consistent frame for NC QFT can be realized in terms of twisted Poincare 
symmetry. [7] 

For an ordinary particle algebra, its quantum inhomogeneous invariance 
quantum group has been discovered. For the fermion algebra it is FI0{2d) 
and for the boson algebra it is BISp{2d) HO] where d is number of 
fermions(bosons). In this paper we look for an inhomogeneous quantum su- 
pergroup which leaves the associative unital superalgebra invariant. 



2 FBIOSp(2n|2m) 



The associative unital superalgebra contains fermions and bosons. Since the 
algebra does not change if the particles interchanged with one to another, the 
associative unital superalgebra is an example of SUSY algebra. Using the defi- 
nition of graded commutator the commutation relations of the particle algebra 



can be written explicitly as 

[bk,bi]^0 [bk,b*]^5ki (1) 

[f.,bk]=0 [f^,bl]=0, 
here fi's are fermion annihilation operators and bkS are boson annihilation op- 
erators. In the algebra i = 1, ■ ■ ■ ,n and k = 1, • • ■ ,m where n is number of 
fermions, m is number of bosons. Also hermitian conjugates of the commutation 
relations are valid. With respect to the commutation relations the associative 
unital superalgebra is also a Lie superalgebrapjj. It is well known that the 
supergroup OSP{2n\2m) acting homogeneously on the associative unital super- 
algebra leaves the commutation relations ([T|) invariant [12*. Here we would like 
to consider an inhomogeneous transformation on bosons and fermions and want 
the algebra to remain invariant under the transformation. We write transformed 
fermionic and bosonic creation and annihilation operators 
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The transformation matrix T is given in terms of sub-matrices by 
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Where H is the homogeneous and K is the inhonogeneous part of the matrix 
T. Here dimensions of the sub-matrices are: dim{a) — (2n) x (2n), dim{A) = 
(n + TTi) X (n + m), dim{D) — (m + ji) x (m + n) and dim{e) — {2m) x {2m). T is 
a 2ri X 1 and $ is a 2m x 1 dimensional matrix. First of aU, we should mention 
that the submatrices A, D and T have fermionic elements and the others have 
bosonic elements. Secondly, we define a braided tensor product. This is given 
by: 

(P eg) Q){R (E)S)^ ^_iY^g(Q)deg(R)pj^ ^ Qg 

1 fermionic, 

bosonic. 
We should note that the above definition of braided tensor product is true for 

only the Z2 graded case namely, the algebra has only bosonic and fermionic 

elements. We use transformed operators in equation ([T]) and want the algebra 

to remain unchanged. Therefore, we get some relations involving the elements 

of the transformation matrix T. We should mention that braided tensor product 



deg{X) 



was used to find the relations. 

[uij , aki] = [aij ,Aki] = 0, 

[aij,Dki] = [aij,eki] = 0, 

[ay,rfc]=0 [a,j,$fc]=0, 

{A,,,Tk}^0 [Ay,$fc]=0, > (4) 

[Aj,$fc]=0 {ey,rfc} = 0, 

{D,,,Dki}^0 
also there are relations between the elements of matrices F and $. These can 
be written as; 

ili^lj} = -ctikPjk - PzkCtjk - Ciiaji + auCji, 

[li,4'j] = ctikejk + Pikdjk - CiiEji + audji, 

(5) 
[7i, 0*] = aikd*^. + PikSjk - Cii9*i + auEji, 

[0i, (j)j] — dikCjk + Cikdjk — OiiSji + OiiSji, 
[0i, (j)*\ = (5,y + dikd*^ + eifee*j. - 9^19*1 + £ii£*,. 
We look for a Hopf superalgebra such that under this transformation equa- 
tion ([T]) remains invariant. In order to do this, one should first check the coprod- 
uct. We want the elements of the matrix T to belong to a Hopf superalgebra H. 
where the coproduct is given by a matrix multiplication 

A(T) = T®T. (6) 

One can see that coproduct of commutation relations are satisfied by defining 
braided tensor product. The counit is 



e{T) = I. 



(7) 



Finally, the antipode should be found. 



S{T) = T-^ 
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Now we should find the inverse of homogeneous part H of the transformation 

matrix. Since the matrix H is a supermatrix, to find its inverse the sub-matrices 

a and e should be invertible. We use the same technique which is used to find 

the inverse of a supermatrix. The inverse matrix can be written as; 



H-i = 



I , ,\ 



D' e' 
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and the elements of H ^ are: 



a' = 


= [a^Ae-^DY^ 


e' = 


= {e~Da-^Ay^ 


A' = 


= -a-'Ae' , 


D' = 


= -e-'Da' . 



(11) 

(12) 

(13) 
(14) 

Since the elements of a and e are commutative, a~^ and e~^ can be found using 
the ordinary matrix inverse rule. 

The braided coproduct, the counit and the antipode of the transformation 
matrix T as given by Eqs ([B][5]) have been constructed. Thus, the transfor- 
mation matrix T is an element of a quantum supergroup. We may call this 
quantum supergroup FBIOSp{2n\2m), the Fermionic-Bosonic Inhomogeneous 
Orthosymplectic quantum supergroup. 



To find the quantum subgroups of FBIOSp{2n\2m), we sliould impose ad- 
ditional constraints such as; 

1. -a^kPjk - PikOijk - caaji + aac^i = 0, 
5ij - aika*^. - PikPjk - '^ii'^*]i + o-tio*ji = 0; 

CtikGjk + Pikdjk — CiiEji + auOji = 0, 

dikSjk + Gikdjk — OiiEji + OiiSji — 0, 

(5,y + d,kd*k + e,ke*^ - 0u0*i + £ii£*i = 0. 

2. r = $ = o. 

3. A = D = Q. 

4. a = e = 0. 

Applying the above relations on FBIOSp{2n\2m) one can get the quantum 
subgroups and these are: 

FBIOSp{2n\2m) ^'^ > IOSp{2n\2m) ^"^ > OSp{2n\2m) 



(iii)| (iii)| (iii) 

FIO{2n) X BISp{2m) ^'^ > GrI0{2n) x ISp{2m) ^"^ . 0{2n) x S'p(2m) 

SA{'n\fn) 
Here /OS'p(2n|2?7i) is that the Inhomogeneous Orthosymplectic supergroup 

where the elements of inhomogeneous part have graded commutation relations 

among themselves. OSp{2n\2m) is the Orthosymplectic supergroup [13]. FIO{2d) 

is the inhomogeneous invariance quantum group of the fermion algebra [51 [S] ■ 

BISp{2d) is the inhomogeneous invariance quantum group of the boson algebra 

[To] . GrIO{2d) is the grassmanian inhomogeneous orthogonal group. ISp{2d) 



is the Inhomogeneous Symplectic group [14j . SA{n\m) is the associative uni- 
tal superalgebra whose elements satisfy equation ([T]). We should mention that 
FIO{2n) X BISp{2m) has quantum group structure. The others have group 
structure. 

3 Conclusion 

Supersymmetry claims that the equations of the laws of nature should be invari- 
ant under transformations which change all basic particles into each other. To 
describe laws of nature, supersymmetric models are more convenient although 
there is yet no experimental evidence. According to supersymmetry, every par- 
ticle has a partner particle which is a fermion for a boson and a boson for a 
fermion. Supersymmetry algebra describes the symmetry between bosons and 
fermions. 

Graded Lie algebras and their graded Lie groups are used in various branches 
of theoretical physics such as supersymmetric field theory [15) . Both in graded 
Lie algebras and in supersymmetry a grading factor is defined. For quantum 
groups, the same grading can be defined, in which case they are called quantum 
supergroups or braided quantum groups. 

In this paper, we have shown that for the associative unital superalgebra, 
an inhomogeneous quantum invariance supergroup can be constructed and we 
have investigated its quantum sub-supergroups. 

The important point is that FBIOSp{2n\2m) does not have a deformation 
parameter. Other examples of quantum groups which do not contain a defor- 
mation parameter are FI0(2d,R) and Ucid + 1)|16). 



The well known supergroups 05*^(27112™) and 0(2n) x Sp{2m) are sub- 
supergroups of homogeneous part of F B I O Sp{2n\2m) . In this paper, we have 
shown that there is a general structure which contains all the well known super- 
groups IOSp{2n\2m), OSp{2n\2ra) and 0{2n) x Sp{2m). This general structure 
is called as FBIOSp{2n\2m) and it is a quantum supergroup. 

As a further work, one can search for the inhomogeneous invariance quantum 
group of a NC QFT and look at whether any relation between this inhomoge- 
neous quantum group and twisted Poincare symmetry. 
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